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1
1A

Functions on a topological space

Continuity on subsets

Problem

Let f: X — R be a set mapping.

1.

If the restriction of f to each of a finite number of closed sets, whose union is X, is continuous, then f is
continuous.

. If the restriction of f to each of an arbitrary number of open sets, whose union is X, is continuous, then f

is continuous.

3. Let . be a family of closed sets whose union is X and such that .7 is locally finite. If the restriction of f
to each member of .% is continuous, then f is continuous.
Solution
1. Assume that Ay,..., A, C X are closed such that f|a,,..., f|a, are continuous and |J;_; 4; = X. We

want to show that f is continuous.

Take any closed B C R. Then for each 1 <14 <n, (f|4,)"[B] is closed in A;. Since A; is closed, (f|a,)* [B]
is also closed in X. Hence we have that f< [B] = J_,(f|a,)" [B] is a finite union of closed sets and hence

also closed. This shows that f is continuous. O

. Assume that &7 is a collection of open sets such that f|4, A € &7, are continuous and |J &/ = X. We want

to show that f is continuous.

Take any open B C R. Then for each A € o7, (f|4)* [B] is open in A. Since A is open, (f|4)* [B] is also
open in X. Hence we have that fT[B] = ¢, (fla)T[B] is a union of open sets and hence also open.
This shows that f is continuous. O

. Assume that . is a locally finite family of closed sets such that |J.¥ = X and each f|4, A € .7, is

continuous. We want to show that f is continuous.

Let z € X and take an open set B C R with f(z) € B. Let 2 € C' C X be an open neighbourhood of = such
that there are only finitely many {4;}?”; with 4;NC # 0. Now define D = CN (X \ U;—, (f]a,)[X \ B]).
Then, X \ B is closed, hence each (f|4,)[X \ B] is closed in 4; and also in X, therefore |J;"_, (f]4,) [X \ B]
is closed in X and hence X \ U/, (f]4,)* [X \ B] is open in X. So we see that D is an open set and it is
also clear that © € D. Now, we have that for any d € D, V1 <i<n:d ¢ A; or f(d) € B. Since d € C, we
must have some 1 < i < n with d € 4; and this shows that f(d) € B. Hence we have f[D] C B. So we

have found some open set D with € D and f[D] C B. This shows that f is continuous. O
1B Components of X
Problem
1. In C(X) and C*(X), all positive units have the same number of square roots.
2. X is connected if and only if 1 has exactly two square roots.
3. For finite m, X has m components if and only if 1 has 2™ square roots. For infinite m, the statement is
false.
4. X is connected if and only if 0 and 1 are the only idempotents in C'(X).
5. If X is connected, then C(X) is not a direct sum of any two nontrivial rings.
6. If X is the union of disjoint nonempty open sets A and B, then C(X) is isomorphic to the direct sum of
C(A) and C(B).
Solution
1. Let f,g € C(X) be two positive units. Let Ay = {h € C(X) | h> = f} and 4, = {h € C(X) | h? = g}.
Then the mapping A5 — Ay, b+ h-(f71- g)% is a bijection since it has an obvious inverse and hence
[Arl = [Ag]. O
2. = Assume that X is connected. Let f € C(X) with f2 = 1. Then f can only take the values 1 and —1

and hence must be locally constant. Since X is connected, f is either O or 1.



<= By contraposition. Assume that X is disconnected and can be written as X = AU B with AN B = 0,
A#0, B# 0 and A, B open. Then we have that all of &1 4 & 15 are distinct square roots of 1,
hence there are at least 4 of them. (I

3. First of all, assume that m is finite.

Assume that X = |_|'z“=1 A;, where the A; are the connected components of X. Then the mapping
{1,-1}™ — C(X), (g:)™; — it ¢;la, is injective, so we indeed have 2™ distinct square roots. On the
other hand, if f is any function only taking the values 1 and —1, it must be constant on the connected
components, hence it must be of the form 21“:1 g;1 4,. Hence a space consisting of m connected components
has precisely 2™ square roots of 1.

Now, take X = {1, %, %, ...} U{0} € R. Then the square roots of 1 are eventually either constantly 1
or —1. Hence there are only countably many of them. But there is no cardinal m with Xg = 2™, so the
statement must fail here. O

4. = Assume that X is connected. Let f € C(X) with f2 = f. Then f can only take the values 0 and 1
and hence must be locally constant. Since X is connected, f is either O or 1.

<= By contraposition. Assume that X is disconnected and can be written as X = AU B with AN B = (),
A#0, B+#0 and A, B open. Then we have that all of 0, 14, 15, 1 are distinct idempotents, hence
there are at least 4 of them. |

5. By contraposition. If C'(X) is a direct sum of two nontrivial rings, there exist at least 4 idempotents 0 &® 0,
001,1®0and 1@ 1. So by (4.), X must be disconnected. O

6. The map C(A) @ C(B) = C(X),f® g — f+ g is clearly a ring homomorphism with an inverse given by
C(X)— C(A)aC(B), [+ fla® flp. Hence C(X) = C(A) ® C(B). O

1C ( and C, for various subspaces of R

Problem

Consider the subspaces R, Q, N, and N* = {1, %, %, ...} U{0} of R, and the rings C' and C, for each of these
spaces. Each of these rings is of cardinality c.

1. For each m < Ny, each ring on R, N or N* contains a function having exactly 2™ square roots. If a member
of C(Q) has more than one square root, it has ¢ of them.

2. C(R) has just two idempotents, C'(N*) has exactly Ro, and C'(Q) and C(N) have c.

3. Every nonzero idempotent in C(Q) is a sum of two nonzero idempotents. In C'(N), and in C(N*), some,
but not all idempotents have this property.

4. Except for the obvious identity C(N*) = Cp(N*), no two of the rings in question are isomorphic.

5. Each of C(Q) and C(N) is isomorphic with a direct sum of two copies of itself. C'(N*) is isomorphic with
a direct sum of two subrings, just one of which is isomorphic with C'(N*).

6. The ring C(R) is isomorphic with a proper subring. But C'(R) has no proper summand.

Solution

1. e On R, if m is finite, take

|sin(mz)] 0<z<m

0 otherwise

f:R%R,f(x):{

Then we have f € C(R),Cy(R) and f clearly has 2™ square roots.

For m = Ng, take
|sin(mz)] 0<z
:R = R, =
f J(@) {O otherwise
Then we have f € C(R), Cy(R) and f clearly has ¢ square roots.

e On N, if m is finite, take

f:N—>R,f(n)={1 nEm

0 otherwise



Then we have f € C(N), Cp(N) and f clearly has 2™ square roots.
For m = g, take 1. Then we have 1 € C(N), C5(N) and 1 clearly has ¢ square roots.
e On N* if m is finite, take
f:N* SR,
f(%) - (1) Ztlfe:;lise
f(0)=0
Then we have f € C(N*),Cy(N*) and f clearly has 2™ square roots.

For m = N, take

f:N* >R,
I =5
f(0) =0

Then we have f € C(N*),Cy(N*) and f clearly has ¢ square roots.

e Take f € C(Q) with more than one square root. In particular, there exists some point z € Q with
f(x) > 0. Hence, due to continuity of f, there is some ¢ > 0 with Vy € B.(z) NQ : f(y) > 0. But
now now we have |B:(z) N (R\ Q)| = ¢ and for any y € B.(z) N (R\ Q),

f(2)F z<y

gy Q—=R,gy(2) = {—f(z)% 2>y

is a different square root, so there are ¢ many of them. O

2. According to 1B.4, C(R) has exactly two idempotents. The idempotents in C'(N*) are precisely the
eventually constant sequences consisting only of 0’s and 1’s, hence there are ¥y many of them. We can
construct ¢ many idempotents in C(Q) by taking 1, ) for each z € R\ Q. The idempotents in C(N) are
precisely the sequences consisting only of 0’s and 1’s, hence there are ¢ of them. O

3. Let f € C(Q) be nonzero idempotent, i.e. take only the values 0 and 1. Take z € Q with f(z) = 1,
let ¢ > 0 with Vy € B:(z) NQ : f(y) > 0 and take any y € B.(x) N (R\ Q). Then g = f-1(_ ) and
h = f -1, ) are nonzero idempotents in C(Q) with f = g+ h.

In C(N) and C'(N*), only those idempotents with at least two nonzero terms have this property. O
4. We give the reasons for non-isomorphism in the following table:
C(R) CcQ) C(N) C(N™)/Co(N™)  Cp(R)  Ch(Q)
Cy(N) Corollary 1.8 Corollary 1.8 Corollary 1.8 1C.2 1C.2 1C.1
Cp(Q) Corollary 1.8  Corollary 1.8  Corollary 1.8 1C.2 1C.2
Cy(R) Corollary 1.8  Corollary 1.8  Corollary 1.8 1C.2
C(N*)/Cy(N*) Corollary 1.8 Corollary 1.8 Corollary 1.8
C(N) 1C.2 1C.1
C(Q) 1C.2

5. e Take any irrational number € R\ Q. Then we have the homeomorphism Q = ((—oo,z) N Q) U
((z,00)NQ) 2 QUQ, and this homeomorphism induces an isomorphism C(Q) = C(Q) & C(Q).

e There is an obvious homeomorphism N 2 N U N given by separating the natural numbers into the
odd and even numbers, and this homeomorphism induces an isomorphism C(N) = C(N) ¢ C(N).

e The decomposition N* = {1} U ({3, 3,...} U{0}) induces an isomorphsm C(N*) =R & C(N*). O
6. Consider R={f € C(R) | f is constant on [0,1]} € C(R). Then the map

f@) <0
CR)—= R, f— |z— < f(0) z €10,1]
fl@—1) >1
is a ring isomorphism.
Since R is connected, C'(R) has no proper summand. |



1D Divisors of functions
Problem

1. If Z(f) is a neighborhood of Z(g), then f is a multiple of g - that is, f = hg for some h € C(X).
Furthermore, if X \ int Z(f) is compact, then h can be chosen to be bounded.

2. Construct an example in which Z(f) 2 Z(g), but f is not a multiple of g.

3. If | f| < |g|" for some real r > 1, then f is a multiple of g. Hence if |f| < |g|, then f is a multiple of g for
every r > 1 for which f" is defined.

Solution

1. Assume that Z(g) C int Z(f). Then define

f(z) ;
tZ
h:X — R h(z)={ 9@ v ¢ int Z(f)
0 x € Z(f)
Then h is clearly continuous, with f = hg and if X \ int Z(f) is compact, h is bounded. O
2. Take f(z) =z and g(z) = 2% on R. O

3. Assume that there is some r > 1 with |f| < |g|". Then define

f(z) VA
h:X 5 RA@) =4 9@ a (_9)
0 otherwise

f(=@) lg(x)|”
g(z) | = lg(=)]
we have |h(z)| < |g(z)]"~ = |g(y)|"~! = 0, showing continuity of h. Hence we have f = hg.

In particular, for « € Z(g), we have |h(x)| =

=|g(x)|"~ 1, so for some y € Z(g) with z — v,

In particular, if |f]| < |g|, we have |f"| < |g|", hence f" is a multiple of g. a

1E Units
Problem
1. Let f € C(X). There exists a positive unit u of C'(X) such that
(—1V HINL=uf

2. The following are equivalent.
(1) For every f € C(X), there exists a unit u of C'(X) such that f = ulf].
(2) For every g € C,(X), there exists a unit v of C(X) such that g = v|g|.

3. Describe the functions f in C(N) for which there exists a unit u of C'(N) satisfying f = u|f|. Do the same
for C(Q) and C(R).

4. Do the same for the equation f = k|f|, where k belongs to C(X) but is not necessarily a unit.

Solution
1. Define .
wi X o R u(z) = {f@ J@) =1
1 [f(z)] <1
Then for |f(z)| > 1 we have u(z) f(z) = sign(f(x)) and (=1V f(z)) A1 =sign(f(z)) and for |f(z)| <1 we
have u(z) f(x) = f(z) and (—=1V f(z)) A1 = f(x). This shows that (—1V f) ALl =uf. O

2. (1) = (2) Take g € Cy(X). Then there exists a unit u € C(X) with g = u|g|. Now take v = (=1 Vu) A L.
For g(x) # 0, we have u(z) = £1, so v(x) = u(z). For g(z) = 0, the identity is true anways. So we have
g = vlgl.
(2) = (1) Take f € C(X). Now we know that there exists a positive unit w € C(X) with (—1Vf)AL =wf.
In particular, wf € Cy(X). Hence there exists a unit v of Cp(X) with wf = v|wf| = vw|f|, implying
f=wlfl O
3. Omitted.

4. Omitted.



1F (C-embedding
Problem
1. Every Cy-embedded zero-set is C-embedded.
2. Let S C X. If every zero-set in S is a zero-set in X, then S is Cp-embedded in X.
3. A discrete zero-set is Cp-embedded if and only if all of its subsets are zero-sets.
4. A subset S of R is C-embedded if and only if it is closed.
5. If a subset S of X is C-embedded in X, then C(S) is a homomorphic image of C(X).
Solution
1. Let A C X be a Cp-embedded zero-set. Let B be any zero-set with AN B = (). Then by Theorem 1.15, A
and B are completely separated. Hence, A is completely separated from every zero-set disjoint from it. So
by Theorem 1.18, A is C-embedded. O
2. Assume that every zero-set in S is a zero-set in X. Take any two completely separated sets A, B C S. By
Theorem 1.15, A and B are contained in disjoint zero-sets C and D: A C C, BC D, CND = (). By the
assumption, C' and D are also zero-sets in X, so again by Theorem 1.15, A and B are completely seprated
in X. So any two completely separated sets in S are also completely separated in X. By Theorem 1.17,
this shows that S is Cp-embedded in X. O
3. Assume that S C X is discrete and all of its subsets are zero-sets in X. Then by 1F.2, S is Cy-embedded
in X.
On the other hand, if S C X is a discrete Cp-embedded zero-set, taking any subset R C S, the function
1s\r defined on S admits a continuous extension f to all of X. Since zero-sets are closed under intersection,
SNZ(f) =R is a zero-set. O
4. Assume that S C R is Cp-embedded. Assume that cl1S\ S # @) and take x € c1.S\ S. Then there is some
sequence in S with x,, — x and, taking a subsequence such that |z, — x| is montone, we can define the
following continuous function on S:
JiS SRS =1 oozl
: » J\Y) = (—1)ntt (1 — 24&‘1”?'@;@;2/11') |l —zp| > |z —y| > |z — 2pt1
f clearly has no continuous extension to all of R.
On the other hand, again since R is a metric space, any closed set S C R is C-embedded. (I
5. Consider the restriction mapping from C(X) to C(S). This is a ring homomorphism and since S is
C-embedded, it is surjective. Hence C(S) is a homomorphic image of C'(X). O
1G Pseudocompact spaces
Problem
1. Any continuous image of a pseudocompact space is pseudocompact.
2. X is pseudocompact if and only if f[X] is compact for every f in Cp(X).
3. Let X be a Hausdorff space. If, of any two disjoint closed sets, at least one is compact, or even countably
compact, then X is countably compact.
4. If, of any two disjoint zero-sets in X, at least one is compact, or even pseudocompact, then X is
pseudocompact.
Solution
1. Let f: X = Y be a surjective mapping where X is pseudocompact. Let g € C(Y). Then go f € C(X)
must be bounded, but then f must also be bounded, showing that Y is pseudocompact. O
2. If there is some f € Cy(X) such that f[X] is not compact, then f[X] must have a limit point which it

1
z—y’

does not contain, say x. Then, postcomposing with y we obtain an unbounded mapping on X,

contradicting pseudocompactness of X.

On the other hand, if there is some unbounded function f on X, arctanof is a function in C,(X) whose
image is not compact. (I



3. Let A C X be infinite. Assume that A has no limit point. Then take any partition A = B LI C' where both
B and C are infinite. Then neither B nor C have a limit point, hence they are both closed. But then at
least one of them must be compact, which is impossible. (Il

4. Assume that X is not pseudocompact. Then there exists a C-embedded copy {z,}?_; of N. Extend the
0 dd

function ,, — ) "% 4o a function fonallof R. Let A= Z(f) and B=Z(1 — f). Then A and B
n even

are disjoint zero-sets in X, so at least one of them must be pseudocompact. But now {z, | n odd} C A

and {z,, | n even} C B are C-embedded copies of N, a contradiction. O

1H Basically and extremally disconnected spaces
Problem

A space X is said to be extremally disconnected if every open set has an open closure. X is basically disconnected
if every cozero-set has an open closure. Hence any extremally disconnected space is basically disconnected.

1. X is extremally disconnected if and only if every pair of disjoint open sets have disjoint closures. What is
the analogous condition for basically disconnected spaces?

2. In an extremally disconnected space, any two disjoint open sets are completely separated. In a basically
disconnected space, any two disjoint cozero-sets are completely separated. Equivalently, for every f € C(X),
pos f and neg f are completely separated.

3. If X is basically disconnected, then for every f € C(X), there exists a unit u € C(X) such that f = u|f|.

4. Every dense subspace X of an extremally disconnected space T is extremally disconnected, In fact, disjoint
open sets in X have disjoint open closures in 7T'.

5. Every open subspace of an extremally disconnected space is extremally disconnected.

6. X is extremally disconnected if and only if every open subspace is Cp-embedded.

Solution

1. Assume that X is extremally disconnected. If A, B C X are open sets with AN B =0, cl A is clopen with
clAN B = (. Since cl A is open, we also have clANcl B = 0.

On the other hand, assume that every pair of disjoint open sets have disjoint closures. Let A C X be
an open set. We intend to show that cl A is open. Consider B = X \ cl A. Then A and B are disjoint
open sets, hence their closures disjoint. So cl B cannot be any larger than B, so B must already be closed,
showing that cl A is open.

The analogous condition for basically disconnected spaces is that given a cozero-set and an open set which
are disjoint, their closures are disjoint:

Assume that X is basically disconnected. If A C X is a cozero set and B C X is an open set with
ANB =10, clAis clopen with clAN B = (). Since cl A is open, clANclB = {.

On the other hand, assume that given a cozero-set and an open set which are disjoint, their closures are
disjoint. Let A C X be a cozero-set. Take B = X \ cl A. Then B is open, so their closures are disjoint.
Hence cl B cannot be any larger than B, so B must be closed, so cl A is open. O

2. Let A,B C X with AN B = () be two disjoint open sets in an extremally disconnected space. Since A
is open, Lx\. 4 is continuous. Since B is open, 1x\q p is continuous. Hence cl A and cl B are zero-sets,
showing that A and B are contained in disjoint zero-sets and hence completely separated.

Let A, B C X with AN B = () be two disjoint cozero-sets in a basically disconnected space. Since A is a
cozero-set, 1x\c1 4 is continuous. Since B is a cozero-set, 1x\q p is continuous. Hence cl A and cl B are
zero-sets, showing that A and B are contained in disjoint zero-sets and hence completely separated. [

3. Let X be basically disconnected and take f € C(X). Let A =pos f and B = neg f. Then A and B are
disjoint cozero-sets in a basically disconnected space, hence they are contained in disjoint clopen sets
C 2 Aand D D B. Then we simply define

1 rzeC

u:X%R,u(m)z{_l reX\C

And now we have f = u|f|. O



4.
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Let T be an extremally disconnected space and X C T a dense subspace. Let A, B C X with ANB =10
be disjoint open sets in X. This means that we can write A = C N X and B = D N X with open
sets C and D in T. If we had C N D # (), then due to density of X we would have CN D NX # (.
But CNDNX = ANDB =, so in fact C N D = (. Hence we have clxy A C clp A C clp C and
clx B Ccly B Ccly D with clpr CNecly D =0, so A and B have disjoint closures in X, showing that X is
extremally disconnected. O

. Let T be an extremally disconnected space and X C T an open subspace. Let A, B C X with ANB = ) be

disjoint open sets in X. Then, A and B are also open in T', hence we have clx A C clp A and clx B C cly B,
which are disjoint since T is extremally disconnected. O

Assume that X is extremally disconnected and let A C X be an open subspace. Let B,C C X be
completely separated sets. Then there are cozero-sets D, E C X with BC D, C C F and DNE = (. Then
D and E are also disjoint and open in X and hence by 1H.2 completely separated in X. This shows that
any two completely separated sets in A are completely separated in X, showing that A is Cp-embedded in
X.

On the other hand, if any open subspace A C X is Cp-embedded in X, take two disjoint open sets B
and C. Then BU C is Cp-embedded in X and B and C are clopen subsets of BUC. Thus B and C are
completely separated in BU C' and hence also completely separated in X. In particular, they are contained
in disjoint zero-sets and hence have disjoint closures. This shows that X is extremally disconnected. O

Algebra homomorphisms

Problem

Let ¢ be a ring homomorphism from C(Y') or Cp(Y) into C(X).

1. t(r) =r-t(1) for each r € R
2. t is an algebra homomorphism, i.e. t(rg) = r-t(g) for all r € R and g € C(Y).
Solution
1. For each fixed z € X, the mapping r — ¢(r)(z) is a homomorphism from R into R and hence is either

2.

1J

zero or the identity. If it is zero, we have ¢(r)(z) = 0 and (r-t(1))(z) =7 -t(1)(z) =r-0=0. If it is

the identity, we have ¢(r)(z) = r and (r - ¢(1))(z) = r - t(1)(z) = r -1 = r. Hence at all points we have
(r-t(1))(z) = t(r)(x), showing that r- (1) = t(r). O
For g € C(Y) and r € R, we have t(r-g) =t(r) - t(g) = - t(1) - t(9) =r-t(L-g) = - t(g). O

Preservation or reduction of norm

Problem

For f € C4(X), define |f] = sup|f(z)]
xre

LIl = nt{r € R | 1f] < v}
2. If ¢ is a nonzero homomorphism of Cy(Y") into Cy(X), then ||t(r)| = |r|.
3. t(r) <rforr >0in R.
4 |lt(g)]l < llgll for every g € Cyp(Y).
5. If t(g) < r, then t(g) < t(r).
6. If ¢ is an isomorphism into Cy(X), then |[t(g)| = ||g|| for all g € Cy(Y).

Solution
1. We clearly have |f| < ||f|| and if » < || f||, then there is some x € X with |f(x)| > r, hence |f| £ r. This

shows that ||f|| =inf{r e R | |f| <r}. O

2. Let ¢t : Cp(Y) = Cy(X) be a nonzero homomorphism. Then we have |[t(r)]| = ||r - ¢(1)] = |r|. O
3. Assume r > 0. At each x € X, we have ¢(r)(x) = r or ¢(r)(z) = 0. This shows that ¢(r) < r. O
4. Take g € Cp(Y). Then we have g < ||g|| and —g < ||g||. Since ¢ preserves the order structure, we have

t(g) < t(llgl) < llgll and —t(g) < t(|lgl]) < [lgl|- This shows that [|t(g)[| < [|g]- O



5. Assume that t(g) < r. For each x € X, the mapping r — ¢(r)(x) is either the identity or zero. If it
is the identity, we have t(r)(z) = r, hence t(g)(z) < t(r)(z). If it is zero, we have some p,q € R with
P < g < g and hence t(p)(z) < t(g)(x) < t(g)(z), so 0 < t(g)(x) < 0, implying t(g)(z) = 0. This shows
that ¢(g) < ¢(r). O

6. If ¢ is an isomorphism, we have [[t(g)|| < [lgl| and [[g]| = [t~ (¢(9))]| < [[t(9)|, showing that [[t(g)] = l|g]-
(]
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2 Ideals and z-filters

2A Bounded functions in ideals

Problem

The functions f, f-(1+ f2)~! and (=1 V f) A 1 belong to exactly the same ideals in C'(X). Hence every ideal
in C(X) has a set of bounded generators.

Solution

The functions f and f- (14 f2)~! differ only by the unit 1 + f2. Due to 1E.1, the functions f and (-1 V f)A 1
differ only by a unit. Hence all these elements belong to exactly the same ideals. Given some ideal I,
{f (14 f?)~1| f € I} is a bounded set of generators for I. O

2B Prime ideals
Problem
1. Anideal P in C(X) is prime if and only if P N Cp(X) is a prime ideal in Cp(X).

2. If P and Q are prime ideals in C(X), or in C3(X), then PQ = PN Q. In particular, P? = P. Hence
M? = M for every maximal ideal M in C(X) or Cy(X).

3. An ideal I in a commutative ring is an intersection of prime ideals if and only if a? € I implies a € I.

Solution

1. Assume that P is a prime ideal in C(X). Take f,g € Cp(X) with fg € PN Cy(X). Then we have either
fe€Porge P. Hence PN Cy(X) is a prime ideal in Cp(X).

On the other hand, assume that PNCy(X) is a prime ideal in Cy,(X). Take f,g € C(X) with fg € P. Then
there are units u and v of C'(X) with fu € Cy(X) and gv € Cp(X). Hence we have (fu)(gv) = (fg)(uv) € P.
We also have (fu)(gv) € Cp(X), hence (fu)(gv) € PN Cy(X). Since PN Cy(X) is a prime ideal, we have
either fu € PN Cy(X) or gv € PNCy(X). If fu € P, we also have f € P and if gv € P, we also have
g € P. This shows that P is a prime ideal in C(X). O

2. Let P and @ be prime ideals in C(X). Clearly, we have PQ C PN Q. Now take any f € PN Q. Then
we have (f%)3 = f € P and since P is prime, we have f% € P. Analogously, we also have f% € . This
shows that f = f3 - (f3)2 € PQ. Hence PNQ C PQ.

In particular, we have P2 = PN P = P. Also, every maximal ideal is prime, so we have M? = M. O

3. Assume that [ = (] &, where & is a collection of prime ideals. Take a with a® € I. Then we have a® € P
for each P € 2. Since P is prime, we have a € P, showing that a € I.

On the other hand, assume that a? € I implies a € I. Let & be the collection of all prime ideals containing
I. We need to show that given any element b not in I, there is some P € & not containing b. Taking such
a b ¢ I, by assumption, we also have b™ ¢ I for any n € N. Hence by Theorem 0.16, there exists a prime
ideal P containing I but containing no power of b. In particular, P does not contain b. (I

2C Functions congruent to constants
Problem
1. Let I be an ideal in C(X); if f = r (mod I), then r € f[X].
2. Let I be an ideal in Cy(X); if f = r (mod I), then r € clg f[X].

Solution

1. Take an ideal I in C(X) and assume that f = r (mod I). Then we know that f —r € I. Since I is a proper
ideal, it contains no units, hence f — r must have a zero at some point € X. Hence f(z) =r(z) =r, so
re fIX]. O

2. Take an ideal I in Cp(X) and assume that f = r (mod I). Then we know that f —r € I. Since I is a
proper ideal, it contains no units, hence f — r must not be bounded below. Hence there must be some
sequence (Zn)nen in X with f(x,) —r — 0, meaning that f(z,) — r, hence r € clg f[X]. O

11



2D z-ideals

Problem

1. Let I be a z-ideal in C(X), and suppose that f = r (mod I). If g(z) = r wherever f(xz) =r, then g =r
(mod I).

2. If f2 + g2 belongs to a z-ideal I, then f € I and g € I.
3. If I and J are z-ideals, than IJ =1NJ.
4. Z|[(1,J)] is the set of all Z; N Zy, where Z, € Z[I] and Z3 € Z[J].

Solution
1. We have Z(g —r) = Z(f —r). Since f —r € I and I is a z-ideal, we also have g —r € I. O
2. We have Z(f? +g¢%) = Z(f)N Z(g) C Z(f), Z(g). Since Z[I] is a z-filter, we have Z(f), Z(g) € Z[I]. Since
I is a z-ideal, we have f,g € I. O
3. Clearly we have IJ C I NJ. Now take any f € I NJ. Then we have f = f%f%f%. Since I and J are
z-ideals, we also have f% € I'NJ. Hence f € IJ. This shows that INJ C IJ. (]
4. Tt is clear that {Z1 N Zy | Z1 € Z[I] and Zy € Z[J]} is just the z-filter generated by Z[I] and Z[J], i.e.
{ZiNZy | Z1 € Z[I] and Zy € Z[J]} = (Z[I], Z[J]). Now it remains to show that Z[(I,J)] = (Z[I], Z|J]).
But this is rather clear: Z[(I, J)] contains both Z[I] and Z[J], hence Z[(I,J)] 2 (Z[I], Z]J]), and given
any f € Tand g e J, Z(f+g) 2 Z(f) N Z(g) € {(Z[I], Z[J]), thus Z(f + g) € (Z[I], Z[J]) and hence

Z|(I1, 1)) € (Z[1], Z[J])- O

2E Prime z-filters
Problem
The following are equivalent for a z-filter .%.
(1) .7 is prime.
(2) Whenever the union of two zero-sets is all of X, at least one of them belongs to .#.

(3) Given Z1,Z5 € Z(X), there exists Z € .Z such that one of Z N Zy, Z N Z5 contains the other.

Solution
The proof proceeds analogously to Theorem 2.9.
(1) = (2) Trivial.

(2) = (3) Take Z(f),Z(g) € Z(X). Then we consider the functions h = |f| — |g|, k = hV 0 and £ = h A 0.
Clearly, Z(k) U Z(£) = X. So, by assumption, we have either Z(k) € F or Z(¢) € .. Assume w.l.o.g. that
Z(¢) € Z. Note that for all x € Z(£), h(z) > 0. In particular, taking any x € Z(¢)NZ(f), we also have z € Z(g).
This shows that Z(£) N Z(f) C Z(¢) N Z(g).

3)= (1) Take a zero- bet 7Z € F and zero-sets 71,7y € Z(X) with Z; U Zy = Z. We intend to show that
either 7, € F or Zy € %. By assumption, there is a zero-set Z3 € % such that, w.l.o.g., Z3NZ; D Z3N Zs.
Thus,

ZsNZ1=(ZsNZ1)U(ZsNZs) =ZsN(Z1UZy) =ZsNZ € .F

Due to Z1 D Z3 N Zq, this shows that Z; € .%. O

2F Finite spaces
Problem
Let X be a finite discrete spaces. In C'(X):
1. f is a multiple of g if and only if Z(f) 2 Z(g).
2. Every ideal is a z-ideal.
3. Every ideal is principal, and, in fact, is generated by an idempotent.

4. Every ideal is an intersection of maximal ideals. The intersection of all the maximal ideals is 0.
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5. Every prime ideal is maximal.

Solution
1. Apply 1D.1, using the fact that every set is open. O
2. Follows trivially from 2F.1. O

3. A zfilter % in C(X) must be fixed and in fact must be of the form # = {B C X | A C B}. Hence the
corresponding z-ideal is generated by the idempotent 1 x\ 4. O

4. Taking any ideal I, we know that there is some subset A C X with [ = (]lX\A) = ﬂpeA M,. Also, clearly,
Npea My =0. O

5. A prime z-filter on a discrete space is just a z-ultrafilter. Hence every prime z-ideal is a maximal ideal. [J

2G Prime vs. z-ideals in C(R)

Problem

1. Select a function ¢ in C(R) such that £(0) = 0, while lim,_o ‘”im)‘ — oo for all n € N. Apply 0.17 to
construct a prime ideal in C'(R) that contains § but not £. This prime ideal is not a z-ideal (and hence is

not maximal).

2. Let Op denote the ideal of all functions f in C(R) for which Z(f) is a neighbourhood of 0. Define s in
C(R) as follows: s(z) = zsin (Z) for z # 0, and s(0) = 0. Then (Oy, s) is not a z-ideal; and the smallest
z-ideal containing (Oy, s) is not prime.

Solution
1. We take
11 lcer<cl
Yz) = (m) e~ 7
1 xr < f% or % <z
Then,
lim, o f(z) = lim ! lim ! 0
x—0 = z—0 - t—o00 =
- i (7) ~% In(Jt))
|
while (@) ) )
hl’Ilm_>0 = hmt_ﬂ,o ‘t L (t) ’ = hmt_ﬂ,o ‘t . W =

Now consider the principal ideal I = (8). As the above calculation shows, no power of ¢ belongs to I.
Hence, by 0.17, there exists a prime ideal P containing I but not £. Due to Z(8), Z(¢) = {0}, P is not a
z-ideal. (]

2. Consider the function f(z) = y/|z[sin (Z). It is clear that Z(f) = Z(s). However, if we were able to
write f =g+ h-s for g € Og and h € C(R), that would imply that f = h - s on some neighbourhood of
0, meaning that f would be a multiple of s on some neighbourhood of 0, which is clearly wrong. Hence
(Og, s) is not a z-ideal. Next, let I be the smallest z-ideal containing (Og, s). More precisely, due to
2D.1, I is the z-ideal associated to the z-filter consisting precisely of those sets containing a subset of
{1, %, %, L u{orud..., —%, —%, 1} that contains eventually all elements. This ideal is not prime since
the functions § V 0 and & A 0 do not belong to I, but their product does. O

2H The identity function § in C(R)

Problem

1. The principal ideal () in C(R) consists precisely of all functions in C(R) that vanish at 0 and have a
derivative at 0. Hence every nonnegative function in (&) has a zero derivative at 0.

2. (8) is not a prime ideal; in fact, (8)% # (8).
3. The ideal (&, |§]) is not principal.
4. Exhibit a principal ideal containing (i, |§]).

Solution
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1. If f(x) = z - g(x), then we have f(0) = 0 and f'(0) = limy,_ @ = limy,_0 g(h) = g(0). Hence f vanishes
at 0 and is differentiable at 0.

On the other hand, assume that f vanishes at 0 and is differentiable at 0. Define

w= | 7
T=10) z=o0

By definition of differentiability, g € C(R), and clearly, f(z) = z - g(x), showing that f € (§).

Now, a nonnegative function in (§) must have a local minimum at 0 and hence have a zero derivative at 0.
O

2. Take f,g € C(R) vanishing at 0 and possessing a zero derivative at 0. Then (f )’(O) f(0)g(0) +
f(0)g’'(0) = 0. Thus all elements of (§)? have a zero derivative at 0, showing that (8)2 C (&). Due to 2B.2,
this shows that (&) is not a prime ideal. D

3. Striving for a contradiction, assume that (§,]8]) = (d) for some d € C(R). In particular, there exist
g,h € C(R) with 8 = dg and |§| = dh. This implies that dg = dh on [0,00) and dg = —dh on (—o0, 0].
In particular, we have g = h on (0,00) and ¢ = —h on (—00,0). Due to continuity, this implies that
9(0),1(0) = 0.

Next, we must have s,¢t € C(R) with st + ¢|§] = d. Hence we have sgd + thd = st + t|§| = d. Due to
continuity, this implies sg + th = 1. But both g and h vanish at 0, a contradiction. Hence (8, |&|) cannot be

principal. (I
4. Take f(x) = +/|z| and g(z) = sign(x)/|x|. Then f? = [§| and fg = §, showing that &, |§| € (f) and hence
(8 [8) < (/). O

21 C(Q) and Cy(Q)

Problem

The set of all f in C'(Q) for which lim,_,, f(z) = 0 is not an ideal in C(Q). But the bounded functions in this
set do constitute an ideal in Cy(Q).

Solution

Let I = {f € C(Q) | limy—x f(z) = 0}. Then with f(z) = 1= and g(z) =z — 7, we have g € I and f € C(Q),
but fg & I. Hence I is not an ideal in C'(Q).

Now, set J = {f € Cb(Q) | lim,—, f(z) = 0}. If f € J and g € Cp(Q) with |g(x)| < C, then lim,_,, |f(z)g(x)| <
lim, . |f(z)] - C = 0, showing that fg € J. Hence J is an ideal in Cy(Q). O

2J Ideal chains in C(R), C(Q) and C(N)

Problem

1. Find a chain of z-ideals in C'(R) (under set inclusion) that is in one-one, order-preserving correspondence
with R itself.

2. Find a chain of z-ideals in C'(Q) in one-one, order-preserving correspondence with R.

3. Do the same for C(N).

Solution

1. Map the real number r to the z-ideal I, corresponding to the z-filter .Z,. of all sets containing [r, c0). Then
we have
r<s&r,o0) 2[s,00) & F CFs o I C I

This shows that the correspondence is order-preserving and it is clearly one-one. O

2. Map the real number r to the z-ideal I,. corresponding to the z-filter %, of all sets containing [r, 00). Then
we have
r<s&r,o0) D[s,00) & F CFs o I C I

This shows that the correspondence is order-preserving and it is clearly one-one. (I
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3. Take any bijection ¢ : N — Q. From (2.), we know that there exists a chain {Q, },cr of subsets of Q that
is order-anti-isomorphic to R. Now take N, = ¢~ 4(Q,), %, = {ACN| N, C A} and I, = Z*[%,]. Then
we have

r<se Q@ 2Qs& N.2N, & F CF, &I, CI

This shows that the correspondence is order-preserving and it is clearly one-one. O

2K z-filters and C,
Problem

If M is a maximal ideal in Cy(X), and Z[M] is a z-filter, then Z[M] is a z-ultrafilter.

Solution

Take some z-filter % with Z[M] C .% and let I = Z* [#]. Since .# is a z-filter, I is a z-ideal in Cp(X).
Additionally, we have I O M. Since M was maximal, this implies that I = M and hence that .% = Z[M]. Hence
Z[M] is a z-ultrafilter. O

2L e-filters and e-ideals

Problem

This problem contains an outline for a theory of z-filters applicable to C(X). For f € Cp(X) and € > 0, we
define

E(f) =T ll-eell = {= [ If(2)| < e}

Every such set is a zero-set; conversely, every zero-set is of this form: Z(g) = E.(e + |g|). For I C Cy(X), we
write

E(I) ={E(f) | f € Le>0}
i.e. B(I) = .o E:[I]. Finally, for any family .7 of zero-sets, we define

E=(F)={f e Cy(X) | E(f) € Z for all e > 0}

that is, £~ (F) = (\.so B [Z].

1. Z D E(E(F)) = U.uolE:(f) | Es(f) € # for all 6 > 0}. Note that the inclusion may be proper, even
when % is a z-filter.

2. A zfilter % is called an e-filter if E(E~ (%)) = .%. Hence .# is an e-filter if and only if, whenever Z € .7,
there exist f and e such that Es(f) € % for every 6 > 0, and Z = E.(f).

3. ICE(E(I)={f|E:(f) € E(I) for all € > 0}. Note that the inclusion may be proper, even when I is
an ideal.

4. An ideal I in Cy(X) is called an e-ideal if E~(FE(I)) = I. Hence I is an e-ideal if and only if, whenever
E.(f) € E(I) for all € > 0, then f € I. Intersections of e-ideals are e-ideals.

5. If I is an ideal in Cy(X), then E(I) is an e-filter. The corresponding result holds in C'(X).

6. If F is any z-filter, then E~ (%) is an ideal in Cy(X). Note, however, that the corresponding result may
fail in C(X), even if .7 is an e-filter.

7. I C J implies E(I) C E(J), and . C ¢ implies E~ (%) C E~ ().

8. If J is an e-ideal, then I C J if and only if E(I) C E(J). If .Z is an e-filter, then .# C ¢ if and only if
E-(#)CE(9).

9. If . is any e-filter, then E~ (%) is an e-ideal. If I is any ideal in Cy(X), then E~(E(I)) is the smallest
e-ideal containing I. In particular, every maximal ideal in Cy(X) is an e-ideal.

10. For any z-filter 4, E(E~(¥)) is the largest e-filter contained in ¢.
11. If o is a z-ultrafilter, and a zero-set Z meets every member of E(E~(&)), then Z € «/.
12. Every e-filter is contained in an e-ultrafilter.

13. If My is a maximal ideal in C(X), then E(M,) is an e-ultrafilter; and if & is an e-ultrafilter, then E~ (&) is
a maximal ideal in Cy(X). Hence the correspondence M, — E(Mp) is one-one from the set of all maximal
ideals in Cy(X) onto the set of all e-ultrafilters.
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14. The following property characterizes an ideal M}, in Cp(X) as a maximal ideal: Given f € Cp(X), if every
E.(f) meets every member of E(M;), then f € M,.

15. If &7 is a z-ultrafilter, then it is the unique z-ultrafilter containing E(E~(«)). Moreover, E(E~ (&) is
an e-ultrafilter, and it is the unique one contained in 7. Hence the correspondence & — E(E~ (7)) is
one-one from the set of all z-ultrafilters onto the set of all e-ultrafilters.

16. If o is a z-ultrafilter, then £~ (47) is the maximal ideal
E7(E(E™(4)))
in Cy(X). Hence the correspondence
M — E~(Z[M))

is one-one from the set of all maximal ideals in C'(X) onto the set of all maximal ideals in C(X). Its
inverse is the correspondense My, — Z* [&7], where & is the unique z-ultrafilter containing the e-ultrafilter
E(My).

Solution
1. First of all, we will show that
E(E~(#)) = |J{E-(f) | Es(f) € Z for all § > 0}
e>0

Indeed, we clearly have

E(E™(7)) = U.soElE (7)]

U5>0{Es(f) | fe E=(#)}
UesolE(f) | Es(f) € F for all 6 > 0}

Next, we will show that
F D E(E (7))

This is now clear, since given any Z € E(E~ (%)), it must be of the form Z = E.(f) for some f € E~(%).
Since f € E~(F), by definition, Z = E.(f) € ., showing that E(E~ (%)) C Z.

Next, let’s give an example of when this inclusion is proper, even when % is a z-filter: Let .% be the
principal z-filter on R generated by 0. Then E~ (%) is the set of all f € C,(R) such that f(0) € [—¢,¢]
for all € > 0, i.e. f(0) = 0. But now E(E~ (%)) consists of sets of the form f* [[—e,¢&]], which, due to
continuity of f, are neighbourhoods of 0. Hence in this case, % 2 E(E~ (%)) O

2. Follows trivially from (1). O

3. First of all,
E=(E(I))={f| E-(f) € E(I) for all € > 0}

is true literally by definition of E~(E(I)).

Next, let’s try to see why
1C B (B(1)

Taking any f € I and any € > 0, we wish to see that E.(f) € E(I). But this is true by definition of E(I).

Finally, let’s give an example of when the inclusion is proper, even though I is an ideal. To do this,
consider Oy C Cy(R), the ideal of all functions vanishing on a neighbourhood of 0. Then E(I) consists of
all neighbourhoods of 0, meaning that with f(z) = (=1Va)Al, f € E~(E(Oyp)), even though f & Oy.
This shows that Oy C E~(E(Oy)). O

4. The only thing that does not follow trivially from (3) is the fact that intersections of e-ideals are e-ideals.
Let & be a collection of e-ideals. Let J = (| &. Take any f € Cp(X) such that for all € > 0, we have
E.(f) € E(J). Then for I € & we have E.(f) € E(J) C E(I). This implies that f € I and since I was
arbitrary, we have f € J, implying that any intersection of e-ideals is an e-ideal. O

5. Let I be an ideal in Cy(X). We intend to show that E(I) is an e-filter. We know that we generally have
E(I) 2 E(E~(E(I))). We also know that we generally have I C E~(E(I)), implying E(I) C E(E~(E(I))).
In total, we have E(I) = E(E~(E(I))). Thus, to show that F(I) is an e-filter, it only remains to show
that E(I) is even a z-filter.

That () € E(I) is clear, since otherwise we would have some f € I which is bounded below and hence
invertible, contradicting the fact that I is a proper ideal.
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10.

11.

12.

13.

Next, take E.(f), Es(g) € E(I). Assume w.l.o.g. that f,g > 0. We need to show that there is some
E,(h) C E.(f) N Es(g). For this, simply take h = f + g and v = min(e, §). We see that h € I. Then for
any € X with h(z) <+ we have f(z) < h(xz) < < ¢ and analogously g(z) < h(z) < v < 4, showing
that E,(h) C E.(f) N Es(g9) with E,(h) € ).

)

E(I
Finally, take E.(f) € E(I) and any Z(g) € E(I) with E.(f) C Z(g). Assume w.l.o.g. that f,g > 0. Define

. o) — 1 SUGEs(f)
h:X — R, h( ){g(x)_,_f(fx) x & E(f)

Clearly, h is continuous and bounded. Additionaly, we have

o f(z) r € E.(f)
(fh)(z) {f(x)g(m)-l-ﬁ v & E.(f)

Then E.(fh) = E-(f)U Z(g9) = Z(g). Due to fh € I, this shows that Z(g) € E(I).
The analogous proof works for C'(X). O

. Let % be a z-filter.

First of all, £~ (%) contains no unit of Cy(X) - otherwise, % would have to contain (.

Next, take f,g EE (). Take € > 0. We need to show that E.(f + g) € &#. But we have E.(f +g) 2
Eé(f) N Ec(g) € F. Since F is a z-filter, this also shows that E.(f +g) € & and hence f + g € E~(%).

Finally, if f € E~ (%) and g € Cy(X) with |g(z)| < M, take € > 0. Then we have E.(fg) 2 E< (f) € 7,
showing that E.(fg) € % and hence fg € E—(%).

To see that this fails if we consider C'(X), take # = {A C N | N\ A is finite}. This is an e-filter since

E~ (%) consists precisely of those functions vanishing at infinity and hence we see that E(E~ (%)) = Z#.

However, the functions vanishing at infinity do not constitute an ideal in C(N). O
. Clear. O
That I C J implies E( ) C E(J) is clear and if E(I) E(J), then E = E-(E(I)) C E-(E(J)) = J.
Analogously, that .# C ¢ implies E~ (%) C E~(¥) is clear and if E-(%#) C E~(¥), then % =
E(E~(%)) C E(E~(9)) = %. O

Let # be an e-filter. By (6), E~ (%) is an ideal in Cy(X). We also have % 2O E(F ( )) and hence
E~ ()2 E (E(E~(%))) but also E~(#) C E-(E(E~(%))), showing that E~(#) = E-E(E~(%)))
and hence E~ (%) is even an e-ideal.

Let I be any ideal in C,(X). Then, E(I) is an e-filter and E~(E(I)) is an e-ideal with I C E~(E(I)). Now,
let J be any e-ideal with I C J. Then we have E~(E(I)) C E~ (E(J)) = J. This shows that E~ (E([)) is
the smallest e-ideal containing I.

If M is a maximal ideal in Cy(X), then E~(E(M)) is an e-ideal containing M, hence we have M =
E~(E(M)), showing that M is an e-ideal. O

Let 4 be a z-filter. Then E(E~(¥)) is an e-filter with ¥ D E(E~(¥)). Now if .# is an e-filter with
F C ¥, then F = E(E~ (%)) C E(E~(¥)), showing that E(E~ (%)) is the largest e-filter containeed in
9. O

Let o be a z-ultrafilter and assume that the zero-set Z meets every member of E(E~(«7)). First off, we
will show by contradiction that Z meets every member of .o/. Striving for a contradiction, assume there is
some Z; € & with ZNZy; = 0. Then Z and Z; are disjoint zero-sets and hence completely separated by a
function f with f|z =1 and f|z, = 0. We intend to show that f € E~(<7). So, take € > 0. Then we have
E.(f) 2 Z(f) 2 Z1 € &/ This shows that E.(f) € & and hence f € E~(«/). But now, E1(f)NZ = 0, a
contradiction. This shows that Z meets every member of /. But now we must have Z € . a

We must show that the union of a chain of e-filters is again an e-filter. So, let & be such a chain. Set
¥ =|J&. It is already known that ¢ is a z-filter. Now, take Z € 4. Hence there is some .# € & with
Z € #. Since .Z is an e-filter, we must be able to write Z = E.(f) such that for every § > 0, Es(f) € Z.
In particular, taking any § > 0, we have Fs(f) € 4. This shows that ¢ is an e-filter. O

Let M be a maximal ideal in Cy(X). Let .# be an e-filter with E(M,) C .#. Due to (9), M, is actually
an e-ideal, showing that M, = E~(E(M,)) C E~(%). Since M, is a maximal ideal, we must have
My = E~ (%), showing that E(M;) = .#. Hence E(M,) is an e-ultrafilter.
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14.

15.

16.

Let & be an e-ultrafilter. Let I be an ideal with E~(&) C I. Then we have & = E(E~(&)) C E(I).
Due to (5), E(I) is an e-filter and since & is an e-ultrafilter, it follows that & = E(I) and hence
E~(&)=E~(E(I)) 2 I. This shows that E~ (&) = I and hence E~ (&) is a maximal ideal in Cy(X).

Now, let’s consider the mapping M, — FE(M,;) from the set of all maximal ideals in Cy(X) to the set
of all e-ultrafilters. We have just shown that this mapping is well-defined in the sense that it actually
maps maximal ideals of Cp(X) to e-ultrafilters. Next, consider the mapping & — E~ (&) from the set
of all e-ultrafilters to the set of all maximal ideals in Cy(X). We have just shown that this mapping is
well-defined in the sense that it actually maps e-ultrafilters to maximal ideals of C(X). Now, we should
argue why these maps are inverses of each other. First of all, take any e-ultrafilter &. Then, by definition,
E(E~(&)) = &. On the other hand, take any maximal ideal M} of C,(X). Then by (9), M is an e-ideal
and hence E~(E(M;)) = My. This shows that the two mappings are inverses of each other and hence are
both bijective. (I

= Let M, be a maximal ideal in Cy(X) and take f € Cp(X) such that every E.(f) meets every member
of E(M,). We will show by contradiction that f € M. Assume, striving for a contradiction, that
f & M. Then consider I = (My, f). Take any g+ hf € (My, f) with g € M}, and h € Cp(X), bounded
by M. Then we have, for any ¢ > 0, E.(g+ hf) 2 E<(g9) N Ez(hf) 2 E<(9) N E= (f) # 0. Hence

g + hf is not invertible, showing that I is a proper ideal. Due to M, C I and the fact that M, is
maximal, we must have My, = I and hence f € M,.

<= On the other hand, let M; be an ideal in C,(X) such that, given any f € Cy(X) with the property
that every F.(f) meets every member of E(M,), we have f € M,. We intend to show that M,
is maximal. Striving for a contradiction, assume that there is some f € Cy(X) such that (My, f)
is a proper ideal with M, C (M,,I). Since f ¢ M,, by assumption, there must be some case in
which E.(f) N Es(g) = 0, where €,6 > 0 and g € M,. W.lo.g., assume that f > 0 and g > 0.
Set v = min(e, §). But then E,(f +g) C E,(f) € E-(f) and E,(f +g) € E,(9) C Es(g). Hence
E.(f+9) € E.(f)NEs(g9) =0. Hence f + g is invertible, a contradiction to the fact that (M, I) is
a proper ideal. This contradiction shows that M} is maximal. O

Let o and % be z-ultrafilters such that Z O E(E~(«/)). We intend to show that &/ = %. Take any
71 € & and Zs € E(E~(&)). Then we also have Z; € . Hence Zy N Zy € & and so Z1 N Zy # (. By
(11), this implies that 8 C & and since % is a z-ultrafilter we even have & = /. Hence 7 is the unique
z-ultrafilter containing F(E~(«)).

Since & is a z-filter, by (10), E(E~ (7)) is the largest e-filter contained in </. Now, take any e-filter &
with E(E~(&/)) C &. Then & must be contained in some z-ultrafilter . But now 2 is a z-ultrafilter
containing E(E~ (<)), showing that # = &7 and hence we have & C &/. But now, & is an e-filter contained
in o/ and since F(E~ (7)) is the largest e-filter contained in &/, we must in fact have E(E~(&)) = &.
This shows that F(E~ (7)) is an e-ultrafilter.

Take any e-ultrafilter & contained in /. Then we have & = E(E~(&)) C E(E~(4)). Since & is maximal,
this shows that & = F(E~(«)) and hence E(E~ (&) is the unique e-ultrafilter contained in 7.

Consider now the mapping 7 — E(E~ (<)) from the set of all z-ultrafilters to the set of all e-ultrafilters.
As we have just shown, this mapping is well-defined in the sense that it takes z-ultrafilters to e-ultrafilters
and as we have just shown, this mapping is bijective. O

Let o7 be a z-ultrafilter. Then we have & O E(E~ (&/)) and hence E~ (&) D E~(E(E~ (&))). We also
have E~(&/) C E~(E(E~(47))). Hence we have E~(&/) = E~ (E(E~(&))).

Now, consider the mapping M — E~(Z[M]) from the set of all maximal ideals in C'(X) to the set of all
maximal ideals in Cy(X) and the mapping M, — Z* [«/], where & is the unique z-ultrafilter containing
the e-ultrafilter E(M;), from the set of all maximal ideals in Cp(X) to the set of all maximal ideals in
C(X). We will show that these mappings are inverse to each other.

Start with any maximal ideal M in C(X). Let & be the unique z-ultrafilter containing the e-ultrafilter
E(E—(Z[M])). This is just Z[M]. Since M was a z-ideal, we have Z* [Z[M]] = M.

Now, start with any maximal ideal M, in Cy(X). Let o be the unique z-ultrafilter containing the
e-ultrafilter E(M;). Consider E~(Z[Z* [<7]]). Since & is a z-ultrafilter, we have Z[Z* [#]] = & .
Hence we have E~(Z[Z* [«/]]) = E~(&/). But now we have E~ (&) = E~(E("(«))). Also, both
E(E~(«)) and E(M,) are e-ultrafilters contained in &7, showing that E(M,) = E(E~ (%)) and hence
E~(of) = B~ (E(My)) = M,

This shows that the two mappings are inverse to each other and hence they are bijections between the set
of all maximal ideals in C(X) and the set of all maximal ideals in Cj(X). O
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2M The uniform norm topology on C
Problem

Let C' be a subring of C'(X) on which a topology has been defined. Then C’ is called a topological ring if
addition, negation and ring multiplication are continuous (from C’ x C’ to C’ or C’ to C"). If C" contains the
constant functions, then it is a topological vector space if both addition and scalar multiplication (the latter being
the mapping (r,g) — rg from R x C’ to C’) are continuous. If C’ is both a topological ring and a topological
vector space, it is called a topological algebra.

By a norm is meant a mapping f + || f|| to R, satisfying: || f|| > 0, || f|| = 0if and only if f = O, || f+gll < |If]1+]lgll,
and [[rf]| = |7| - || f|l- A metric d is defined from the norm, as usual, by: d(f,g) = ||f — g||. A Banach algebra is
a complete normed algebra whose norm satisfies: || fg| < || f|l - llgll-

1. In any topological ring, the closure of an ideal is either an ideal or the whole ring.

2. A norm on Cy(X) is given by: || f|| = sup,cy |f(x)|. The resulting metric topology is called the uniform
norm topology on Cj(X). Convergence in this topology is uniform convergence of the functions. A base
for the neighbourhood system at g consists of all sets of the form

{fllg—fl<e}
for € > 0. Equivalently, a base at g is given by all sets
{f1lg—fl<wu}

where u is a positive unit of Cp(X).
3. Cp(X) is a Banach algebra.
4. The closure of every ideal is an ideal. Hence every maximal ideal is closed.

5. Every e-ideal is closed. (Hence every maximal ideal is closed.) (It will be seen subsequently (6A.2) that
every closed ideal is an intersection of maximal ideals. It follows that the closed ideals are precisely the
e-ideals.)

6. The topology of uniform convergence can also be defined on C'(X), the neighbourhood system at g being as
described in (2). However, C'(X) will not be either a topological ring or a topological vector space unless
X is pseudocompact.

Solution

1. Let I be an ideal in a topological ring R. We want to show that cl[ is either an ideal or all of R. So,
take any x,y € clI. We need to show that = + y € cl I, meaning that for any open neighbourhood U of
z+y, UNI # (). By continuity of addition, there are open neighbourhoods V' of x and W of y such that
V+4+W CU. But now VNI # 0 and WNI # (), showing that (V +W)NI # 0 and hence UNI # (). Hence
x+1y € cll. Next, take any = € clI and any y € R. We need to show that for any open neighbourhood U
of zy, U NI # (. By continuity of multiplication, there is an open neighbourhood V of x with V -y C U.
But now VN 1T # @ and hence (V -y) NI # 0 and also U N I # @. This shows that zy € clI. Hence cl T is
either an ideal or all of R. |

2. The only thing that is not well-known is that the sets of the form {f | |g — f| < u} are a neighbourhood
base. This follows immediately from the fact that for every positive unit u of Cy(X), there is an € > 0

with ¢ < w and that every € > 0, considered as a constant function, is a positive unit of Cp(X). (]
3. It is well-known that Cy(X) equipped with || - || is a Banach space. Additionally, we clearly have
Ifall < IIf1 - Nlgll; showing that Cp(X) is indeed a Banach algebra. O

4. Let I C Cp(X) be an ideal. Assume that clI is not a proper ideal but rather the whole ring. Then we
have 1 € clI. In particular, {f | |1 — f| < 1} N1 # 0. But any such function is invertible.

If My, C Cp(X) is a maximal ideal, we must have M}, = cl My, showing that Mj is closed. O

5. Let I C Cy(X) be an e-ideal. Take any g € clI. We intend to show that ¢ € E~(E(I)) = I. This
means that we need to show that for any e > 0, E.(g) € E(I). Indeed, {f ||g— f| < 2} N1 # (. Take
such an f. Taking any z € X with |f(z)| < ie, we have |g(z)| < |g(z) — f(z)| + |f(z)| < e. This
shows that E1.(f) € Ec(g). Due to E1.(f) € E(I), this also shows that E.(g) € E(I). Hence we have
g € E-(E(I)) = I, meaning that clI = I.

Since every maximal ideal is an e-ideal, this also shows that any maximal ideal of Cy(X) is closed. (]
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6. If X is not pseudocompact, multiplication is not continuous: There is some unbounded function f € C(X).
Wehave%—>07but%f74>0. O
2N The m-topology on C
Problem

The m-topology is defined on C(X) by taking as a base for the neighbourhood system at g all sets of the form

{fecX)llg—fl<u}

where u is a positive unit of C'(X). The same topology results if it is required further that « be a bounded
function.

1.
2.

6.
7.

C(X) is a topological ring.

The relative m-topology on C(X) contains the uniform norm topology, and the two coincide if and only if
X is pseudocompact. In fact, when X is not pseudocompact, the set of constant functions in Cp(X) is
discrete (in the m-topology), so that Cp(X) is not even a topological vector space.

The set of all units of C'(X) is open, and the mapping f + f~! is a homeomorphism of this set onto itself.
The subring Cp(X) is closed.

The closure of every ideal is an ideal. Hence every maximal ideal is closed. Every maximal ideal in Cp(X)
is closed.

Every closed ideal in C(X) is a z-ideal.

In the ring C(R), the z-ideal Oq of all functions that vanish on a neighbourhood of 0 is not closed.

Solution

1.

First, we will show that addition is continuous. Take any f,g € C'(X) and any positive unit v of C'(X). Set
W={heCX)||lh—(f+g)|<u}. LetU={heC(X)||h—f| < %u},V: {heC(X)||h—g|l < %u}
Then we have f € U, g € V and U +V C W. This shows that addition is a continuous map.

Next, we will show that negation is continous. Take any f € C'(X) and any positive unit u of C(X). Set
V={geCX)||lg+fl<u}. Let U={g € C(X)||g— f|] <u}. Then we have f € U and -U C V,

showing that negation is a continuous map.

Finally, we will show that multiplication is continuous. Take any f, g € C(X) and any positive unit u of
C(X). Set W={heCX)||h— fg| <u}. Take

1 u /\1 U A
v=z = U
3If|+1° 3lgl+1 3

Take U={heC(X)||h—f|<v}and V ={h e C(X)||h—g| <v}. Then we have f €U, g €V and
forheU,ieV and x € X, we have

(AN VAN VAN VAN | I VAN | R VAN 1 B VAN |
=
8
=

This shows that U - V' C W. Hence, multiplication is continuous.

In total, we have shown that C(X) is a topological ring. O
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2. The fact that the m-topology on Cp(X) contains the uniform norm topology is trivial since any positive
unit u of Cp(X) is also a positive unit of C(X). If X is pseudocompact, these topologies clearly coincide.
If X is not pseudocompact, C'(X) contains a positive unit u which is not bounded below, so {f | | f| < u}
is a neighbourhood of 0 in the m-topology, but not in the uniform norm topology. This shows that the
m-topology and the uniform norm topology coincide if and only if X is pseudocompact.

Now, assume that X is not pseudocompact. Let u be a positive unit in C'(X) which is not bounded below.
Then for each r € R, {f | |f — r| < u} is a neighbourhood of r containing, of the constant functions, only
r itself. This shows that the set of constant functions is discrete. Hence, in the m-topology, neither Cy(X)
nor C(X) are topological vector spaces. O

3. Let C(X)* be the set of units of C(X).

Let f € C(X)*. Let g = |f|. Since f is a unit of C'(X), g is a positive unit of C'(X). Now consider the set
U={heC(X)||f—h|<1ig}. Then we clearly have f € U and U C C(X)*. This means that C(X)*
is a neighbourhood of each of its elements, meaning that C(X)* is open.

Next, consider the mapping -~1 : C(X)* — C(X)*, f + f~!. Take any f € C(X)* and any positive unit
u of C(X). Consider U = {g € C(X) | |f~! — g| < u}. We intend to show that there is a neighbourhood
V of f with V! CU. Let

1w

2/ +1

Let V.={g € C(X) | |f —g| < v} We clearly have f € V. Taking any g € V and z € X, we have
|f(x) = g(2)| < 31f(@)], 0 |g(x)| > 3]f(x)| and hence

|fH ) — g (@)
11
f@)  g(2)
g(z)—f(z)
f(z)g(x)
g(z)—f(z)
f(z)5 f(x)

2 g(z)—f(z)

f(@)?

1
=_|fIA
o=l

IN

IAIA
=
=

This shows that |f~! — g7 !| < u, so g7! € U and hence V~! C U. Hence -~ is continuous. Since it is its
own inverse, it is even a homeomorphism. ([l

4. Let U = C(X) \ Cp(X). We will show that U is open, showing that Cy(X) is closed. Take any f € U. Set
u=121|flandlet V ={g € C(X) | |g— f| <u}. Since f is unbounded, all elements of V are unbounded.
Hence around any unbounded function f € U, there is a neighbourhood V' of unbounded functions. This
shows that U is open and hence that Cp(X) is closed. (]

5. Let I C C(X) be an ideal. Assume that clI is not a proper ideal but rather the whole ring. Then we have
1 € cll. In particular, {f | |1 — f| < 1} N1 # (. But any such function is invertible.

If M C C(X) is a maximal ideal, we must have M = cl M, showing that M is closed.
If My, C Cp(X) is a maximal ideal, we must have M}, = cl My, showing that My is closed. O

6. Let I be a closed ideal in C(X). Take Z(f) € Z[I]. Let g € C(X) with Z(g) = Z(f). We need to show
that g € I. Since I is closed, it suffices to show that g € clI. So, take any positive unit u of C'(X). Let
U={heC(X)]||g—h| <u}. We must show that U NI # (). Indeed, define

0 l9(z)] < u(z)

h:X =R h(z) = {9(95])03(':7;(1) otherwise

Clearly, hf € U and due to f € I also hf € I. This shows that U NI # (. Hence g € c1I = I, so I is
indeed a z-ideal. O

7. We wish to show that Op is not a closed ideal in C'(R). Indeed, § € Oy. However, for any positive unit u of
C(X), consider U = {f € C(R) | |f —§| < u}. Since u is a positive unit, around 0, it is bounded away
from 0. This means that we can find some f € U which is zero on some neighbourhood of 0. But then also
f € Oy, showing that U N Oy # 0 and hence § € c1Og. This shows that Og is not a closed ideal in C(R). O
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3 Completely regular spaces

3A Zero-divisors, units, square roots

Problem

Let X be a completely regular space containing more than one point.
1. Cp(X), and hence C(X), contains zero divisors (i.e., it is not an integral domain).
2. Cp(X), and hence C(X), contains nonconstant units

3. Let m be an infinite cardinal, and let X be the one-point compactification of the discrete space of power m.
In C(X), 1 has just m square roots.

Solution

1. Let z # y be distinct points of X. Since X is completely regular, x and y are completely separated via the
continuous function f, i.e. f(xz) =0 and f(y) = 1. Now consider the functions

0 xgé
g:R=Rgx)=422-1 $<z<1
1 1<z
and
1 <0
h:R—Rh(z)=S1-2z 0<z<3
0 %Sx

Then we have gof € Cy(X), hof € Cy(X), (9o/)(y) = 9(f(®)) = 9(1) = 1, (ho f)(x) = h(f(x)) = h(0) = 1
and for any z € X: (go f)(x)-(ho f)(z) = ((g-h)o f)(x) = 0. This shows that go f and ho f are nonzero
elements in Cy,(X) whose product is zero. Hence Cp,(X) contains zero divisors. O

2. Take distinct points z # y in X. They are completely separated by some continuous function f with
f(z) =0 and f(y) = 1 taking values only in [0,1]. Then f + 1 is a nonconstant unit of Cp(X). O

3. The square roots of 1 are precisely the functions taking only 1 and —1 as values. Consider some f € C'(m*)
with f2 = 1. W.Lo.g. assume that f(co) = 1. Due to continuity of f, there must be some neighbourhood
of oo on which f is constant, but the neighbourhoods of co are precisely the complements of finite subsets
of m. Thus, f can only take the value —1 on some finite subset of m. Hence, there are as many square
roots of 1 as there are finite subsets of m and since m is infinite, there are m finite subsets of m. This
shows that in C'(m*), 1 has m square roots. O

3B Countable sets
Problem
Let X be a completely regular space.
1. A countable set disjoint from a closed set F' is disjoint from some zero-set containing F.

2. A C-embedded countable set S is completely separated from every disjoint closed set. (This is false if S is
uncountable (5.13) or if S is only Cp-embedded (4M), even if S is closed (8.20 and 6P).)

3. Any C-embedded countable set is closed. (An uncountable C-embedded set need not be closed (5.13); the
appropriate generalization is in 8A.1.)

4. Any two countable sets, neither of which meets the closure of the other, are contained in disjoint cozero-sets.
(But the given sets need not be completely separated, even if they are closed; see 8J.4.)

5. A countable, completely regular space is normal. (More generally, see 3D.4.)
Solution

1. Let A ={an}tnen € X be countable and F' C X closed and disjoint from A. Now, for each n € N, a,, € F.
Since X is completely regular, this implies that there exists a zero-set Z,, with a,, € Z,, and Z,, O F. Let
Z = (\nen Zn- Then Z is a zero-set with AN Z = () and Z D F. O
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2. Let S C X be countable and C-embedded and let F' C X be a closed set disjoint from S. By (1), there
exists a zero-set Z with SN Z =@ and Z O F. By Theorem 1.18, S is completely separated from Z and
hence also completely separated from F'. O

3. Let S C X be countable and C-embedded. Take any = ¢ S. Then {z} is a closed set disjoint from S, so
by (2), S and x are completely separated. In particular, there is a zero-set-neighbourhood Z of x disjoint
from S. This shows that any point not in S has a neighbourhood disjoint from S. Hence the complement
of S is open and S itself is closed. O

4. Take countable sets A = {ay }nen and B = {by, }nen such that clAN B =0 and ANclB = 0.

The point a; is completely separated from the closed set cl B. Hence there is a continuous function
fi with fi(a1) = 0 and fi[c1B] C {1} taking values only in [0,1]. Now let C; = f;* [[0,1)] and
Cy = fH© [[0, %H Next, by is completely separated from ¢l A U Cy via a continuous function g; with
g1(b1) = 0 and g1[cl AUC, ] C {1} taking values only in [0,1]. Let Dy = g1 [10,2)] and Di=g* ([0, 3]].
We will continue in this fashion. as and cl BUD; are completely separated via fo, next set Cp = fo [[0, %)]

and Cy = fa© HO, %]] by and cl AU Cy U Cy are completely separated via go, next set Do = g [[O, %)]

and Dy = go© [[0, %]]

In the end, |J,,cjy Cn and |, oy Drn will be disjoint cozero-sets containing A and B, respectively. O

5. If X is countable and completely regular, taking any two closed subsets, by (4) they are actually contained
in disjoint open sets, showing that X is normal. O

3C (s-points of a completely regular space
Problem
Let p be a Gs-point of a completely regular space X, and let S = X \ {p}.
1. If g € Cp(S), h € C(X), and h(p) = 0, then g - h|s has a continuous extension to all of X.

2. If Z is a zero-set in S, then clx Z is a zero-set in X.

Solution

1. Define
0 T=p

JiX R @)= {g(m)h(x) zeSs

Since there is some constant M with |g(z)| < M, we have lim,_,, | f(z)] < M lim,_,, |h(z)| = 0 and hence
f is continuous at p. O

2. Consider Z = Z(f) for f € C(S) where f takes values in [0, 1]. Since p is a Gs-point, it is in fact a zero-set,
so we can write {p} = Z(g) for some g € C(X) taking values in [0, 1].

Now, if p € clx Z, let h = f. Then by (1), h - g|s has a continuous extension to all of X, and the zero-set
of this extension will simply be Z U {p} = clx Z.

On the other hand, if p &€ clx Z, p and Z must in fact be completely separated in X, so that we may
assume g[Z] C {1}. Then we can define h =1 — f. Again, h - g|s has a continuous extension to all of X.
The set where this extension attains the value 1 is precisely Z = clx Z. O

3D Normal spaces
Problem
1. The following are equivalent for any Hausdorff space X.
(1) X is normal.
(2) Any two disjoint closed sets are completely separated.
(3) Every closed set is Cp-embedded.
(4)

Every closed set is C-embedded.
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2. Every normal pseudocompact space is countably compact. (But a nonnormal, pseudocompact space need
not be countably compact; see 51 or 8.20. And even a normal, pseudocompact space need not be compact;
see 5.12.)

3. Every closed G in a normal space is a zero-set.

4. Every completely regular space with the Lindel6f property is normal. (It is well known, more generally,
that every regular Lindel6f space is normal.)

5. Let X be a completely regular space. If X = S U K, where S is open and normal, and K is compact, then
X is normal.

Solution
1. (1) = (2) This is just Urysohn’s Lemma 3.13.

(2) = (3) If A C X is closed and B,C C A are completely separated in A, then their closures in A
are disjoint. Since A is closed in X, their closures in X are also disjoint and hence they are completely
separated. Urysohn’s extension Theorem 1.17 now implies that A is Cp-embedded in X.

(3) = (4) Let A C X be a closed set. It is Cy-embedded in X. Now take any zero-set Z which is disjoint
from A. Then AU Z is a closed set and hence Cp-embedded in X. Hence the indicator function of A
on AU Z has a continuous extension to all of X, showing that A and Z are completely separated in X.
Theorem 1.18 now implies that A is even C-embedded.

(4) = (1) Let A, B C X be disjoint open sets. Then A U B is also a closed set in X and is hence
C-embedded in X. Then the indicator function of A, which is continuous since A is clopen in AU B,
has a continuous extension to all of X. Hence A and B are completely separated in X and in particular
contained in disjoint neighbourhoods. (I

2. Let X be a normal pseudocompact space. Striving for a contradiction, assume that X is not countably
compact. This means that there is a countable open cover {U, },en without a finite subcover. W.l.o.g.
assume that U; g Us g_ Us g_ .... Pick x5 € Uy \ Ul, x3 € Us \ Ug, xy € Uy \ U4, .... We intend to
show that {z,}nen., has no limit points. Striving for a contradiction, assume that p € X was a limit
point of {xn}n€N>2._ Since {Up, }nen is a cover of X, we must have some n € N with p € U,. Since X is
Hausdorff, we can find an open neighbourhood V of p such that x,...,2, € V. But then U, NV is an
open neighbourhood of p disjoint from {x,, }nen.,, a contradiction. Hence {z,, } nen., has no limit points.
In particular, it is closed and discrete. But now {z, }nen-, is a closed set in a normal space and hence
by (1) it is C-embedded. A pseudocompact space cannot contain an infinite discrete C-embedded subset.
This contradiction shows that X must have been countably compact. O

3. Let X be normal. Let A be a closed Gs with A = (1, .y U, where each U, is open. Then A is completely
separated from each X \ U, so there exist zero-sets Z,, with A C Z,, and Z, N (X \U,) =0, i.e. Z, CU,.
But then we have A C (), .y Zn € U, ey Un = A, showing that A =1, .\ Z,, and hence A is also a zero-set.
O

neN

4. Let X be completely regular and Lindel6f. We will show that given any two closed sets A and B, there
exists a zero-set Z with B C Z and AN Z = (). Then, given any two closed sets A and B, we will be able
to apply this in order to obtain first a zero-set Z; with B C Z; and AN Z; = () and then a zero-set Z,
with A C Z5 and Z3 N Z; = (. This shows that any two disjoint closed sets A and B are contained in
disjoint zero-sets and hence are completely separated.

So, let A and B be disjoint closed sets in X. For each x € A, since X is completely regular, there exists
a zero-set Z, with € Z, and B C Z,. Then {X \ Z,}.ca is an open cover of A. Since A is a closed
subspace of a Lindelof space, it is itself Lindel6f. Hence there is a countable collection {z, },en such that
{X'\ Zs, }nen is still a cover of A. But now Z = [, .y Z», is a zero-set containing B and disjoint from A.
Hence for any two disjoint closed sets A and B, there is a zero-set Z containing B and disjoint from A. O

5. Let X be completely regular and assume that it can be written as X = S U K with S open and normal
and K compact. Note that we do not assume S and K to be disjoint.

Let A, B C X be two disjoint closed sets.

We know that AN K is a compact set disjoint from the closed set B in X. Since X is completely regular,
this implies that there are open sets O and P in X with ANK C O, BC P and ON P = (. Analogously,
BN K is a compact set disjoint from the closed set A in X, which by complete regularity of X implies the
existence of open sets Q and Rin X with BN K CQ, ACRand QN R = 0.
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Next, AN S and BN S are disjoint closed sets in the normal space S and hence there must be open sets T
and U in S with ANS C T, BNS CU and TNU = (. Since S is open in X, T and U are even open in X.

Now we have A C R and
A=ANX=ANSUK)=(ANS)UANK)CTUO

showing that A C RN (T'U O). This means that RN (T"U O) is an open neighbourhood of A.
We also have B C P and

B=BNX=BNSUK)=(BNS )U(BNK)CUUQ

showing that B C PN (U U Q). This means that PN (U U Q) is an open neighbourhood of A.

Now take any point € [RN (T UO)|N[PN(UUQ)]. Since z € TU O, we either have z € T or z € O.
Since z € U U @, we either have x € U or x € ). We cannot have x € O, since then we would have
z € ONP =0, a contradiction. We also cannot have z € @, since then we would have x € QN R =10, a
contradiction. Hence we must have x € T and x € U, showing that x € T NU = (), a contradiction. This
contradiction shows that [RN (TUO)|N[PN(UUQ)] = 0.

But now (OUT)N R and (QUU) N P are disjoint open neighbourhoods of A and B in X, showing that
X is normal. g

3E Nonnormal spaces
Problem
Let X be a nonnormal, Hausdorff space.
1. X contains a closed set that is not a zero-set.

2. X has a subspace S with the following property: any two completely separated sets in S have disjoint
closures in X, yet S is not Cp-embedded in X. Compare Urysohn’s extension theorem.

Solution

1. By 3D.2, X contains two disjoint closed sets which are not completely separated. Hence by Theorem 1.17,
they cannot both be zero-sets. O

2. By 3D.3, X, contains a closed subset S which is not Cy-embedded. However, any two completely separated
sets in S have disjoint closures in S and hence also in X. O

3F Tj-spaces
Problem

In a topological space X, define 2z = 2’ to mean that cl{z} = cl{z'}. Let Y be the set of all equivalence classes
thus defined, let 7 map each point of X into its equivalence class, and provide Y with the quotient topology
relative to 7.

1. For E closed in X, if z € E and = = 2/, then 2’ € E; hence 7[X \ E] =Y \ 7[E].
2. The weak topology induced by 7 agrees with the given topology on X.

3. 7 is both an open mapping and a closed mapping.

4. 7[cl{x}] = cl{r(x)}, whence Y is a Tp-space.
5

. In Theorem 3.2 (and hence in Theorems 3.6 and 3.7), it is enough to require that X be a Ty-space, rather
than a Hausdorff space.

Solution
1. Let E be closed in X.

Assume that z € E and x = 2/, meaning that cl{z} = cl{z'}. Since E is closed, we have z € cl{z} C F
and hence also cl{z’} C E, implying that «’ € E.

Now, we will show that 7[X \ E] =Y \ 7[E].

25



Take some z € X \ E. Striving for a contradiction, assume that 7(z) € 7[E]. This means that there is
some 2’ € F with 7(z) = 7(2’), meaning that = /. By the above, this would imply that z € E, a
contradiction. This contradiction shows that 7(z) € Y \ 7[E]. We have shown that 7[X \ E] C Y \ 7[E].

On the other hand, take any y € Y \ 7[E]. Since 7 is surjective, there must be some z € X with
y = 7(x). Since y € 7[E], we have z ¢ F, hence x € X \ E, showing that y € 7[X \ E|. This shows that
Y\7[E] C7[X\ E]

In total, we have shown that 7[X \ E] C Y \ 7[E] and that 7[X \ E] D Y \ 7[E], implying that 7[X \ E] =
Y\ 7[E]. O

. Take a subbasic open set U of the weak topology on X, which is of the form 7% [V] for some open set V'
in Y. By definition of the quotient topology, V' is open if and only if 75 [V] is open in X with the given
topology. This shows that any subbasic open set of the weak topology is also open in the given topology.
Hence every open set of the weak topology is also open in the given topology. This shows that the weak
topology is coarser than the given topology.

Let E be any closed set in the given topology on X. We will show that 7 [7[E]] = E. Indeed, it is
clear that 7 [7[E]] 2 E. Now take any € 7 [7[E]], meaning that 7(x) € 7[E]. Then there is some
x' € E with 7(z) = 7(2'), but by (1), this implies that z € E. Hence we have 7 [7[E]] C E, showing that
T [r[E]] = E.

Now take any closed set F in the given topology on X. We need to show that E is closed in the weak
topology on X, for which it suffices to show that it is the preimage of a closed set in Y. Indeed, we can
consider 7[E]. We have 75 [7[E]] = E so since F is closed in the given topology X, we have that 7[E]
is closed in the quotient topology on Y. But now E is the preimage of the closed set 7[E] under 7, so it
is indeed closed in the weak topology on X. This shows that the weak topology is finer than the given
topology.

In total, we see that the weak topology on X and the given topology on X must agree. O

. Let E be closed in X. Then by the proof of (2), we have 7 [r[E]] = E, meaning that the preimage of
T[E] under 7 is a closed set in X. This shows that 7[E] is closed in the quotient topology on Y and hence
T is a closed mapping.

Let U be open in X. Then we can write it as U = X \ E for some closed set E in X. But then due to (1)
we have 7[U] = 7[X \ E] = Y \ 7[E] and since 7 is a closed mapping, we see that Y \ 7[E] is an open set in
Y and hence 7 is also an open mapping. (I

. Since 7 is a closed mapping, 7[cl{z}] is a closed set containing 7(z). Take any other closed set F' in YV’
with 7(x) € F. Since F is closed in Y, 7 [F] is closed in X. We also have x € 7% [F], showing that
cl{z} C 7 [F]. This yields 7[cl{z}] C 7[r* [F]] = F, where the last equality holds since 7 is surjective.
Hence for any closed set F' in Y with 7(x) € F, we in fact have F' D 7[cl{z}], showing that 7[cl{z}] is the
smallest closed set containing 7(x) and hence 7[cl{z}] = cl{7(z)}.

Let us show that for closed set Ey, Es C z, 7[E1] = 7[Es] implies Ey = E5. Indeed, take any « € E;. Then
due to 7[E1] = T[E2], we have some 2’ € Fy with 7(z) = 7(2’). By (1), this implies that « € E;. Hence
FEy C E5. We can analogously show that £y O FE5 and hence Fy = Fs.

Next, we wish to see that Y is indeed Ty, meaning that distinct points have distinct closures. Indeed, take
two distinct points 7(z) and 7(2') in Y. Then by definition we have cl{z} # cl{z'}. But now we have
c{r(z)} = 7[cl{z}] # 7[cl{z'}] = cl{r(2’)}. Hence distinct points in ¥ have distinct closures, showing
that Y is Tp. O

. Regarding Theorem 3.2, consider the following properties of an arbitrary topological space X:
(P1) If F C X is closed and = ¢ F', then x and F are completely separated.
(P2) The zero-sets Z(X) form a base for the closed sets in X.
Then we can show the following statements:
(1) X is Tp and X fulfills (P1) = X is Hausdorft, X fulfills (P1) and X fulfills (P2)
(2) X is Tp and X fulfills (P2) = X is Hausdorff, X fulfills (P1) and X fulfills (P2)
Here are the proofs:

(1) Assume that X is Tp and if F C X is closed and = ¢ F, then z and F are completely separated. We
intend to show that X is Hausdorfl and that the zero-sets Z(X) form a base for the closed sets in X.
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Indeed, take distinct points « and y. Since X is T, w.l.o.g. = & cl{y}. Then = and cl{y} must be
completely separated, showing that X is Hausdorff.

Now if F' is any closed set and x ¢ F', then x and F are completely separated, meaning that there is
a zero-set Z with Z D F and x ¢ Z. This shows that the zero-sets Z(X) form a base for the closed
sets in X.

(2) Assume that X is Ty and that the zero-sets Z(X) form a base for the closed sets in X. We intend
to show that X is Hausdorff and that if F¥ C X is closed and = ¢ F, then x and F are completely
separated.

Indeed, take distinct points « and y. Since X is Ty, w.l.o.g. = & cl{y}. Then there must be a zero-set
Z with Z D cl{y} and « ¢ Z. Let Z = Z(f) and consider g = ﬁ - f. Then g completely separates

x and cl{y}, showing that X is Hausdorff.

Now if F'is a closed set and = ¢ F', then there must be a zero-set Z with Z O F and « ¢ Z. Again,
writing Z = Z(f) and defining g = f(lw) - f, we see that x and F' are completely separated. O

3G  Weak topology

Problem

If a family C” of real-valued functions on X is an additive group, contains the constant functions, and contains
the absolute value of each of its members, then the collection of sets of the form 3.4(a) is a base of neighbourhoods
of z, for each x € X, in the weak topology induced by C’.

Solution

Let X be a topological space, C’ be a family of real-valued functions on X and assume that C’ is an additive
group, contains the constant functions, and contains the absolute value of each of its members. We intend to
show that the collection of sets of the form

{ye X [|f(z) - fy)l <e}

where f € C' and € > 0 constitutes a base of neighbourhoods of z in the weak topology induced by C’. Fix
zeX.

First of all, we will show that every set of the above form is in fact of the form

{lye X |gly) <e}

for some g € C" with g > 0 and g(x) = 0. For this, consider the function g(y) = |f(x) — f(y)|. Then we have
g(y) < e if and only if we have |f(z) — f(y)| < e. Additionally, since C’ is an additive group, contains the
constant functions, and contains the absolute value of each of its member, we have g € C'.

Conversely, if we have any set of the above form for some g € C’ with ¢ > 0 and g(x) = 0, then it is clear that
this is the same as

{ye X |lg(x) —g(y)| < e}

which is an element of our subbase.

It remains to show that the set of functions of the form

{yeX|gly) <e}
for g € C’ with ¢ > 0 and g(x) = 0 constitute a base.

So, take f,g € C" with f,g > 0 and f(z), g(z) = 0. Additionally, take €, > 0. We intend to show that there is
h € C" with h > 0 and h(z) = 0, and v > 0 such that

lyeX|h(y) <y} C{ye X | fly) <etn{ye X|gly) <d}

For this, take h = f + g and v = min(e, §). Then we clearly have h > 0, h(z) = 0 and v > 0. Additionally,
h(y) <~ implies f(z) < h(zx) <y < e and g(x) < h(z) <y < J. This shows that

lyeX|h(y) <y} C{ye X | fly) <e}n{ye X|gly) <d}

Hence the collection of sets of the above form constitutes not just a subbase for the neighbourhoods at x, but
actually a base for the neighbourhoods at z, in the weak topology induced by C’. (]
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3H Completely regular family
Problem

Let X be a completely regular space. A subfamily C’ of C'(X) is called a completely regular family if whenever
F is closed and = ¢ F, there exists f € C’ such that f(z) & cl f[F]. For example, {§} is a completely regular
family in C(R). Every completely regular family determines the topology of X; in fact, C’ is a completely
regular family if and only if the collection of all sets of the form 3.4(a) (z € X) is a base for the topology.

Solution

First of all, let’s show that C’ is a completely regular family if and only if the collection of all sets of the form
3.4(a) (z € X) is a base for the given topology on X.

Assume that C’ is a completely regular family. Take any open set U in X and any point x € U. We need to
show that there is a set B of the form 3.4(a) with x € B C U. Indeed, consider the closed set F' = X \ U. Since
C’ is a completely regular family, there is some f € C’ such that f(x) € cl f[F]. In particular, there is some
€ > 0 with

{2 €R||f(@) -2 <} N fIF) =0

But this means that
lye X ||f(x) - flyl<epnF=0
and hence

{yeX||f@)-fWl<etcU

For the converse, assume that the collection of all sets of the form 3.4(a) (z € X) is a base for the topology.
Assume that F' is closed in X and = ¢ F. We need to show that there is f € C’ with f(x) & cl f[F]. Indeed,
consider the open set U = X \ F. Since the collection of all sets of the form 3.4(a) is a base for the topology,
there is some f € C’ and € > 0 with

{yeX[|fl@)-flyl<epcU

and hence

yeX||f@) - f)l<efnF=0

But this implies that
{zeR|[f(x) -zl <e}nfIF] =0

showing that f(x) & cl f[F].

Next, let’s see that every completely regular family determines the topology of X. Taking a completely regular
family C’, we need to show that the weak topology induced by C’ coincides with the given topology on X.
Clearly the weak topology induced by C’ is coarser than the given topology on X. By the above, there is a
collection of open sets in the weak topology induced by C” which is a base of the given topology on X. This
means that any set that is open in the given topology on X is also open in the weak topology induced by C’.
This shows that the given topology on X coincides with the weak topology induced by C’, showing that C’
determines the given topology on X. O

31 Theorem 3.9

Problem

1. Let A be a nonempty subfamily of C(X). Define Y and 7 as in 3.9, except that now f ranges only over A,
instead of over all of C(X). Then Y is completely regular, 7 is continuous, and the mapping g — go 7 is
an isomorphism from C(Y") into C(X).

2. Let X be the set of real numbers, under the discrete topology, and take A = {c}, where o is the identity
map of X onto R. Then 7 = ¢, and Y = R. Hence 7 is not a quotient mapping.

Solution

1. We define an equivalence relation on X via x = 2’ if and only if f(z) = f(a’) for every f € A. Define Y as
the set of equivalence classes of X under this equivalence relation and let 7 : X — Y, 7(z) = [z]. Every
f € A factors through Y, meaning that there exists a unique g : Y — R with f = go 7. Endow Y with the
weak topology with respect to the collection C” of all such g, that is, with the collection of all g : Y — R
such that go7 € A.
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Take distinct points y # ¢’ in Y. By construction of Y, there is some g € C’ with g(y) # g(3’). This shows
that Y is Hausdorff. Since its topology is additionally determined by the family of real-valued functions
C’, by Theorem 3.7, Y is completely regular.

By definition of the weak topology, 7 is continuous if and only if every composite g o 7 is continuous for
every g € C’. But this is true by definition of C’. Hence 7 is continuous.

Clearly, the map C(Y) — C(X), g+ go 7 is a homomorphism. Now take g # ¢’ in C(Y). In particular,
there is some y € Y with g(y) # ¢'(y). Since 7 is surjective, there must be z € X with 7(x) = y and hence
g(7(x)) # ¢'(7(x)), showing that g o7 # ¢’ o 7. Hence g — g o 7 is injective. O

. Clearly, o(x) = o(z’) if and only if x = 2’ and hence the set of equivalence classes is R, endowed with
the weak topology induced by the identity function to R. This shows that Y =R and 7 = 0. If 7 was a
quotient mapping, it would have to be a homeomorphism. Hence 7 is not a quotient mapping. (I
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